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(last-survivor status) oA &E£@AE Common Shock Models®t Copula Models
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iyl

(dependent lifetimes models) % 53] Common Shock Modelsoll o1& 7}#] 7}4 &
2 g3te] 7] Bowers? Actuarial Mathematics @ oY manualEeol] #AEH o]
i Common Shock Model?] &3 thE F ¢ HIg"H FAES AA s, 1
A ES AR Hlae] Bk g



A 27 Common Shock Modelsg] 27

1. Actuarial Functions on Two Dependent Lives

%o % Common Shock Models®] &5 fF=at7] fa] oA F

© B 7HA e Shepol sl beEFe] Adwe R BAgstol A o OARE(EE
oo At ojEd Y EE de ¥ Tk ¢ T(y) e WFE A
stk o 71A T Rg, T(x)SF Ty), = dA xA0 AF&9] future lifetime® @A y
AlQl AFgre] future lifetimes 9w gtc) ol & EW,

Dy =Pr(T(x)>1) and , p, =Pr(T(y) >1) 2.1)
oz 717} xAleh yAle] Abgte]l ko g td o) 4 FES ou|stE Zlolth o9}
H oAl W Txy)= 03 (y)o] 23S e (oint lifetime)E o7 gt} ol &
5o 9 (y) & o Aol A2 WeE F (yv) T A HA AU 2T wrt
A o] AZte ol gttt whebA

T(xy)=min{T(x),T(y)} (2.2)

2l & F = Aotk agln AFdAE AH (joint-life status)e] AE &

2 A8

Fz
i

i

o

o

Py =Pr(T(xy)>t)=Pr(T(x)>t,T(y)>1) (2.3)

olH, (x)¢ (v) & A WA ApgArt dAgd w7bA o] Azte] to]d 4 FES 9

=)
ol
rlr
Py
o
Au
H
)
s
&
&
min
lo
—r
X
M
He
nol'

}<=(cumulative distribution function)



Fr (1 (1) = Pr(T(xp) < 1) = Pr{min{T(x), T(»)} <] =1-Pr(T(x) > £, T() > 1) (9.4)

O] A} FAFSHA W T(E) = I ()9 HFF A=A JH (last-survivor
lifetime) & 2lv]gtt} ol & E°] (x)9 (y) T vFA 9 A A7 U2 w712 9] A 7E
2 (x), (y) & A% stigo] Aolols AZHE on|stt}. mpepx FHF A=A A H

(last-survivor lifetime)= th&3F 2t}
T(E) =max{T(x),T(y)} (2.5)
a#s HE BEA AEl(last survivor status)e] AE & Py &
Do = Pr(T(xy) > t) = Pr(T(x) >t or T(y) > 1) (2.6)

ol w3l o] MEE FAHEE I (cumulative distribution function)= Th33}
Fdgu

Fr o) (O = Pr(T(xy) < 1) = Pr{max{T(x), T(y)} <] (2.7)

i

WA A Ao v (discount factor)= (1+0)7 2= ojm gt}

u)

2. Common Shock Models¢] #A <]

gukzl o7 T(x)9F T(y)oll that Az thate] Aabae AFFS 98 T(x)
Jalch AT T(x)9F T(y)7F 9ol ofd 4§
o = slte] =£AE7)7F 2l (Dependent Lifetime Models)S =93}t

= A93ltt. Common Shock EEW ¢ Z& 29(FEE th)o AEAY

nd]

S Tt #2 599 498 1

2) I + annual effective rate



Bates FES o] Aste] =YdHAT o] GENMFE AsA ALy 5, A
AR 22 A Ad A 2D 5 s v AP Theds flske] ®tE
o Aok T(x)¢ T'(y)& Common Shocke A 7bsAS& wiAIg (x)7 (y)<]

HA mRAET GEHFER GoFrh o] ), o] fEWS Z T(x), T (y)&
43 % H(mutually independent)d] #AZE AHET o] RHA FEWHSF Ze

-A
2203 220 9w, s()=eT 9 A% Bxs AAE FE W5 AP

o x)9 ()7} Common Shockel|l o]t Al 7S &8t 49, Tx)<

T(y)= zZ+zt

T (x), T"(y): without common shock

T(x): future lifetime of (x) = min{T"(x), Z}

T(y): future lifetime of (y) = min{T (y), Z} 2.1)
olth T(x)¢ T(y)e AgAE%S, = Common Shocko|t TFE ojwl o] f & ALY

akA ofystar (x)7F AIZE s7HA ABESEAL (y)7F ARE t7hA] AEE gES

sT(X)T(y)(s,t) = Pr{min(T*(x), Z)>s5 N min(T*(y), 7)>t}
=Pr{(T'(xX)> s NZ>s) N (T (y)>t N Z>1)}
=Pr{T"(x)>s N T'(y)>t N Z>max(s, t)}

max(s, 1)

=S (5) ST*(y)(t) e ? 22
o1, Teo% T(y)el A Bx FEUE F5E T3 2ok
2 2 _ max(s, 1)
- __v 0
fT(x)T(y)(S’ t)= s o1 ST(x)T(y)(S’t)_ PYPY ST*(X)(S) ST*(y)(t) e (2.3)
Sk (¥)7h A7E oA BAG) Al e HEUE g
Wy
Jror (GO =A e s (1) sy () (2.4)
o), To% T(y)el FWET AETFE 22



Sro(8) = ST*(X)(S)e’“ y Spon(O) = ST*(y)(t)e’M (2.5)
ojt}, AFAE el (Joint-Life Status)e] A==
1Py = 5109 () = 87 () = 57 (O) - e (2.6)
o™, #HFAEA el (Last-Survivor Status)®] AEET+=
Py =1 (O = Uy (O35 () =5y (G0 € (2.7)

ot} o714 A 7} 02 ALoE T(x)9 T(y)7F A& =golt},

gdoz= Uity o2 Common Shock Models®l A4l common shock &&W 4 zo
7t o] A 4= & E(exponential distribution) tAlel] thE X ES 7}435le] o
AR ATt w3 AlH(force of mortality) = F YA H Z (constant  force  of
mortality) 7F4 €]o Makeham W 2Z, Gompertz H 2z S AFg&3le] ofg] 71X

Common Shock Models & A A| & B 312} gl

A3% Mortality Assumptions® @W& Common Shock

Models 9 &4



7}. common shock &WS z7F A4 F ¥ (Exponential distribution) ]

flie4
rE
Ry

102 common shock FEWF 2= T o T(y) o Sxxou
A] =3 ¥ (exponential distribution) HE|E 7}A] 1 3l

s,(z=e™ z2>0,120 (3.1)
Tk (x)7 (y)o] BERD] 5 WA (constant force of mortality)s 7+H4 g

oW common shocke] EA3HA] && we] zhzte] AES = U 2o

(3.2)
T'(x), T(Y) & common shocke] £A13H4 &< wf (x)9 (y)¢ JHo|m e,
Tx)E= min{T'(x),Z} ©% common shockel FEAIsA e wle] ofwy
common shocke] WA wzA el A7 Fel e e ouau, T()E

min{T'(y), Z} o=z g9 Eds.

(Tx),T(y) Agx= 28 (Joint-Life Status)e] A =3}
= AH@2e)oln=

(survival function)

S

—(p, +p, + )

tpxy=e (33)
olm, (x)¢ (v) Z+Zt common shocko] &AstA &S wjeo] AEIFFE FHo
common shock &M 79 AEETFE F3b gho] wHr).

FHE AEA A (Last-Survivor Status)?] AEsH4+=
tpg,=tpx+tpy_tpxy (3.4)

o] 7] WE o] e WA g W AN Tl Do) gy



e ed $AE g Aol AEFES AMNES AT
S (0B 404, () 50A% Fakw Zzre] Apele 4 =004 4,7 =006 o

gt 7}4g skl P, Py | Py

<E3-1> 1Py <3E3-2> 1Py

FAAFE A z27F A BXE A FAAEAEF 27F A BXE A
t] A A, s Ay t A A, Ay Ay

002 | 003 | 004 | 0.05 0.02 | 0.03 | 0.04 | 0.05
1| 0.980 0.970 0.961 0.951 1 0.923 | 0.914 | 0.905 | 0.896
2 | 0.961 0.942 0.923 0.905 2 0.852 | 0.835 | 0.819 | 0.803
3| 0.942 0.914 0.887 0.861 3 0.787 | 0.763 | 0.741 0.719
4 | 0.923 0.887 0.852 0.819 4 0.726 | 0.698 | 0.670 | 0.644
51 0.905 0.861 0.819 0.779 5 0.670 | 0.638 | 0.607 | 0.577
6| 0.887 0.835 0.787 0.741 6 0.619 | 0.583 | 0.549 | 0.517
71 0.869 0.811 0.756 0.705 7 0.571 0.533 | 0.497 | 0.463
8| 0.852 0.787 0.726 0.670 8 0.527 | 0.487 | 0.449 | 0.415
91 0.835 0.763 0.698 0.638 9 0.487 | 0.445 | 0.407 | 0.372
10| 0.819 0.741 0.670 0.607 10| 0.449 | 0.407 | 0.368 | 0.333
11| 0.803 0.719 0.644 0.577 11| 0.415 | 0.372 | 0.333 | 0.298
12| 0.787 0.698 0.619 0.549 12 | 0.383 | 0.340 | 0.301 0.267
13| 0.771 0.677 0.595 0.522 13| 0.353 | 0.310 | 0.273 | 0.239

<E3-3> Py <FE3-4> Py

FAAFE A z27F A BE A FAAEAEF 27F A B A

A A, Ay Ay A A, Ay Ay

0.02 | 003 | 004 & 0.05 0.02 | 0.03 | 0.04 | 005
1| 0.887 0.878 | 0.869 | 0.861 1{0.978 | 0.968 | 0.959 | 0.949
21 0.787 | 0.771 | 0.756 | 0.741 210.952]0.934| 0915 0.897
3| 0.698 0.677 | 0.657 | 0.638 310.924 | 0.897 | 0.870 | 0.845
41 0619 | 0.595 | 0.571 | 0.549 410.894]0.859 | 0.825|0.793




5| 0.549 | 0.522 | 0.497 | 0.472 51 0.862 | 0.820 | 0.780 | 0.742
6| 0.487 | 0.458 | 0.432 | 0.407 6 0.830| 0.781 | 0.736 | 0.693
7| 0.432 | 0.403 | 0.375 | 0.350 710.797 | 0.743 | 0.692 | 0.646
8| 0.383 | 0.353 | 0.326 | 0.301 8 1 0.763 | 0.705 | 0.650 | 0.600
9| 0.340 | 0.310 | 0.284 | 0.259 91 0.730 | 0.667 | 0.610 | 0.557
10| 0.301 | 0.273 | 0.247 | 0.223 10/ 0.697 | 0.631 | 0.571 | 0.516
11| 0.267 | 0.239 | 0.214 | 0.192 11| 0.664 | 0.595 | 0.533 | 0.478
12| 0.237 | 0.210 | 0.186 | 0.165 121 0.633 | 0.561 | 0.498 | 0.441
13| 0.210 | 0.185 | 0.162 | 0.142 13] 0.602 | 0.528 | 0.464 | 0.407

t}. common shock EEWS z7F Gamma ¥4 o

S ko] WM 27} A4 EE(exponential distribution)¥ w e} v sl7] 9] sH A
A 2E % gamma WX AE FFE TeloF g

Ba e Qo o|th, 1Elm A4 BE

(3.5)

S WEEjopyt dth. gamma EX A a=l A wli= A4 E3F(exponential
distribution)e] =2 21(3.3), A B4 FLd3I HyEIFES zA4 H2=E Common
Shock Model2] &4o W3sl7} §lo

—(p, +p, + ) — o oL ef(#y +A)t e*(#x +p, +A)t

1Py =€ , Py

_10_



t}. common shock &EWS 27} Weibull 3

w3 ks 7FA4 3o Common

i

common shock &EWHI4 z7} weibull 3%
Shock ModelsE A &A1 WA A HATH

A3t 3 (exponential distribution) ¢} HlLal7] 93 gamma X A& AleF &

1

2 AEHe 2 = AAdE B ge 2 = sda

H

o=

ot
O+
)

A 443 (exponential distribution)e] Hi3} B4 S FdsA sl HsiA

weibull ¥4 The3} e 7ol Ba s,

2
mean =0 F(1+%)=%, var = 6° {F(H%)—{F(H%)} :|=%
. ra+2)
=>9= 1 , T 2 =2
rd+— 1
( +T)A {r(1+r)} (3.6)

2(36)% WEAINE F& o s 1 oz, 6 7+ 5 otk w4 common
shock &EWT 29 AETT T3 A FE(exponential distribution)E& 48 3=

ol Ed3 S A HE2 433), 4843 2.

2}. common shock &&W 27} lognormal #3X Y o

=l
32
N
L
N
o
ol
£

o] H ol &= common shock &EWS z7} lognormal ¥ X2 o
Common Shock Model®] &4& 23 RES 3

lognormal #3X 9} X4~ ¥ (exponential distribution)E H|1L3}7] ¢3] gamma

_11_



T ¥4 weibull =¥ A& Ao} $AF WHoR FdHge 2 frAska 22k
1
#es A2 = FdsAl 2wEh lognormal EX o] WIS Har, #4F g o
=¥ 2t
1 {inx)-u] /(26)
—e x>0
f(xsu,0)=32n0x
0 x<0 (3.7)
E(X) =e,u+0'2/2 V(X) =e2,u+0'2 .(60'2 _1) (38)
mebA g 2 AS ghEshof oyl i
e#+az/2=l i
A
2 2 1
ez,quO' .(ea _1):? _@
(3.9
21(3.9)14 DA S AlFste] @2)d Wisid
c2=In2
u=—In(21) (3.10)
E WSS okRt $t}h lognormal EEC] AEFTG Ao A(3.10)0S diYstd v
¥
In(x) — u In(x) + In(+/21)
s(x)=1-O(———)=1-0
) ( o ) ( JIn2 ) (3.11)
common shock &EW z7} lognormal ¥ & Wil Qla, AERGL FAA}
2] W& (constant force of mortality)S 7F43F3 <= @ Common Shock Model®] &

Ao et ol vy,

_12_



A A= A (joint-life status)Y o,

. . In(¢) +1In(~/24)
= - Al-®
tpxy [exp{ (:ux t+:uy t)}] { ( \/ﬁ )} (312)
#F AEA e (last-survivor status)¥ ],
In(£) + In(~/21)

P =[exp {(~(u, 1)} +exp {—(/Jy*l‘)} —exp{—(u, t+ /Jy*l‘)}] Al - D( Jin2 )}

(3.13)

ftlo

= 5o, v F ()7F 404, (y)7F 5041w, = Abgre] A

FiN

o5
<¥E3-5> Py <E3-6> Py

FAAE R F | 27) lognormal & 7H4 s YAFEW A, 27} lognormal &332 7HY

~

0.02 0.03 0.04 0.05 0.02 0.03 0.04 0.05

0.961 0.961 0.961 | 0.960 0.942 0.942 0.942 | 0.941

0.923 | 0.922 | 0.919 | 0.914 0.887 0.886 0.883 | 0.879

0.886 | 0.881 0.872 | 0.859 0.834 0.830 0.821 0.809

0.848 0.838 | 0.820 | 0.797 0.783 0.774 0.757 0.736

0.793 | 0.766 | 0.732 0.734 0.718 0.693 0.662

0.774 0.747 | 0.710 | 0.667 0.686 0.663 0.630 0.592

0.736 0.701 0.655 | 0.605 0.640 0.609 0.570 0.526

0.699 0.656 | 0.602 | 0.547 0.596 0.559 0.513 0.466

oo ||| w| o]
©
®
—
—

9| 0.663 0.611 0.552 | 0.493 0.511 0.461 0.412

10 0.627 0.569 | 0.505 | 0.443 0.513 0.466 0.413 0.363

11] 0.592 0.528 | 0.461 | 0.398 0.475 0.424 0.370 0.320

12/ 0.559 | 0.490 | 0.420 | 0.358 0.439 0.385 0.331 0.281

i
wm}_‘O@OOﬂCDO"IHBC}J[\')}—*
©
(@)]
(@)]
o

13 0.526 | 0.453 | 0.383 | 0.321 0.406 0.350 0.295 | 0.248
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<E3-T> 1Py <¥3-8> Py

FAAE R F | z7) lognormal & ¥ 7H4 s LAFE WA 27} lognormal &332 7HY

(A A, Ay, | A, ¢ A A, 2, A
0.02 0.03 0.04 0.05 0.02 0.03 0.04 0.05
0.905 0.905 0.905 | 0.904 1| 0.998 0.998 0.997 0.997
0.819 0.817 0.815 | 0.811 21 0.991 0.990 0.987 0.982
0.740 0.736 0.729 | 0.718 3| 0.980 0.975 0.965 0.951
0.667 0.659 0.645 | 0.627 41 0.964 0.952 0.932 0.906
0.601 0.588 0.567 | 0.542 51 0.944 0.923 0.891 0.852

6

7

8

0.540 | 0.521 0.495 | 0.466 0.920 0.889 0.845 0.794
0.484 | 0.461 0.431 | 0.398 0.893 0.850 0.794 0.734
0.406 | 0.373 | 0.338 0.862 0.809 0.743 0.674
0.386 | 0.356 | 0.322 | 0.287 9 | 0.830 0.766 0.691 0.617
0.344 | 0.312 | 0.277 | 0.243 10| 0.796 0.722 0.641 0.563
0.306 | 0.273 | 0.238 | 0.206 11| 0.761 0.679 0.593 0.512
0.272 | 0.238 | 0.205 | 0.174 12] 0.726 0.636 0.546 0.465
13 0.241 0.208 | 0.176 | 0.147 13] 0.691 0.595 0.503 0.422

=004, 1, =006 2} sl sho] 431207 4(313)S ol &3tel 217t AT
= 3 dek AF 4R U el ge P ol

= | = =
N}_AO@OOﬂCDO'IHBC}J[\')}—*
(@]
o
w
w

vl common shocko] £A39 S u SEEF wE AETE HAU(FIAEHA

7+4)

Common Shock Model®] &S F=37] Yl vpaddt A= E-de Moivre
M2 o)t # W A (constant force of mortality), Gompertz %, Makeham 3,

Weibull & - T 94 SLAERH A S 7HAS7] 2 3H2e. 2 7FA 8ol common

shock FEWHT7F A5 FHE At JS 459 lognormal + X FHE F
stal A& AF, olgA F Aol & RdY IS FEeRa, E<31>T



i)
o
iy
dlo
i
e
rlo
q
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[H
il

AN

OHl
me
>~
i

(1

&L ((x) 7F 40M1, mu_x=0.04, lambda=0.02¢! I})

1.00000

0.80000 [

Kl 0.60000 el A~Emel o
0.40000 | —m— 77} lognormal 2= ulf

~— 0.20000 [

0.00000 T Y Y N B
1 4 7 10 13 16 19 22 25

t(Z hed )

<Y 31 BAAEEA A§ A 20 RE Gelel mE (0] AEFE Wa>

o

ZSAAHZ ((y) 7+ 50Al, mu_y=0.06, lambda=0.02<! i)

1.00000
i 0.80000
o 0.60000
K= et ASEEY o
i? 0.40000 —m— 77} lognormal 2= ulf
5 0.
=
~— 0.20000

0.00000 T Y Y N B
1 4 7 10 13 16 19 22 25

t(Z hed =)

ke

<29 3-20 FAEEA AE A 29 22X P & (y)9 AEFE Hu>
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((x)=40Al, (y)=50Al, mu_x=0.04, mu_y=0.086,
lambda=0.02)

1 1.00000
||0H—
K

=~

<
ol

==

-fo 0.40000
ki

0.80000
0.60000

—— 27} X2 =Y
—=— 77} lognormal 2= ulf

Z0 0.20000
7ol
Rm 000000 1 e e ) S A N |
1 4 7 10 13 16 19 22 25
H(Z1hed =)
<29 3-30 FUANE YA AL A 29 FX FHO| wE (xy)d AEFLE B>
SUAEHE ((x)=40AMl, (y)=50Al, mu_x=0.04, mu_y=0.06,
lambda=0.02)
© 1.00000
ki
0 0.80000
ol
T 060000 F —— 27t RS EE o
20 M H 17 o
& 0.40000 | —=— 77} lognormal == ¢
K
Z0 0.20000 r
K{o
W 0.00000 I T N ' L1 1| I I Y Y L1 1| L |
1 4 7 10 13 16 19 22 25
H(ZThed =)
<O 3-4: FAAEHA AL A zo] EX FEo 2 (xy)o AESTE Hl>
OYU<B1>Ta-<B4>E vluslE Ay, FUAEHE 7 sl A= common



shock &&WS z7} lognormal &2 & Wil QS w7} A2 FHE Wil JS
i woh T(x), T(y), T(xy), T(xy) 4 4

NS & F AT
2. &L D Gompertz H3 & HALIAS 59 T4
7}. common shock E&WS z7F A= ¥ (exponential distribution)d W

AER Do Gompertz &< A&AUS Wl A A==

p(x) = BC*, S(x)=exp {—%(Cx —l)} (3.14)

o]t}. common shocke] &A1& W (xy)¢ AEIFE (x)3 (yv)7F common shock
o] EAsHA Rks we ZHzte] AEFFTEY wol common shock SEWHG 29

AETdTE wallF7Ivt shd Ak (e, 03 (v)7F L3 B, C #s Z2a s W)

Py = —Dje —1)}exp(=4r)

B(C’ )

= exp[— {2 (C* + C¥) + At} (3.15)

x)eF (y)o] HF A=A el (last-survivor status)®] AEG G A

1Py = Pxt 1Py~ iPy o] o3 LRI

w2}
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BC* BC’
1 Py, = exp[—{ nC (C" =1)+ At]+exp[—{ C (C' =1)+At}]
B(C' -1
~ Pl (lnC Yt ey ) (3.16)

ojt}.

dE 5o, (x)7F 404 o]az, (y)7} 504 o)™, B=0.00005 <} C=10"" e,

<3E3-9> (P <E3-10> Py

Gompertz ¥ &, z7} AFEE 714 GompertzH8 &, z7} A FEFE 714
a2, | a4, | 4, o A, | oA, | 4,
0.02 0.03 0.04 0.05 0.02 0.03 0.04 0.05

1| 0.978 0.968 0.959 0.949 1 0.975 0.965 0.956 0.946
21 0.957 0.938 0.919 0.901 2 0.950 0.931 0.913 0.895
3| 0.935 0.908 0.881 0.855 3 0.926 0.898 0.872 0.846
41 0.914 0.878 0.844 0.811 4 0.901 0.866 0.832 0.799
5] 0.893 0.850 0.808 0.769 5 0.877 0.834 0.793 0.754
6| 0.873 0.822 0.774 0.729 §) 0.852 0.802 0.756 0.712
71 0.853 0.795 0.741 0.691 7 0.828 0.772 0.720 0.671
8| 0.832 0.768 0.709 0.655 3 0.803 0.741 0.684 0.632
9| 0.812 0.742 0.678 0.620 9 0.779 0.712 0.650 0.594
10 0.792 0.717 0.649 0.587 10| 0.754 0.682 0.618 0.559
11| 0.773 0.692 0.620 0.555 11| 0.730 0.654 0.586 0.525
120 0.753 0.668 0.592 0.525 12| 0.705 0.625 0.555 0.492
13 0.733 0.644 0.566 0.497 13| 0.680 0.597 0.524 0.460

<HE3-11> Py <E3-12> Py

Gompertz B &, z7} AFEX 714 Gompertz B3, z7} AFEXL 714
a2, | a4, | 4, o A, | oA, | 4,
0.02 0.03 0.04 0.05 0.02 0.03 0.04 0.05

1| 0.973 0.963 0.954 0.944 1 0.980 0.970 0.961 0.951
21 0.946 0.927 0.909 0.891 2 0.961 0.942 0.923 0.905
3! 0.919 0.892 0.866 0.840 3 0.942 0.914 0.887 0.861




4] 0.892 | 0.857 | 0.824 | 0.792 4| 0.923 0.887 0.852 0.819
5| 0.866 | 0.823 | 0.783 | 0.745 5| 0.904 0.860 0.818 0.778
6| 0.839 | 0.790 | 0.744 | 0.700 6| 0.886 0.835 0.786 0.740
71 0.812 | 0.757 | 0.706 | 0.658 7 | 0.869 0.810 0.755 0.704
8 8

9

0.785 | 0.724 | 0.669 | 0.617 0.851 0.786 0.725 0.669

0.757 | 0.692 | 0.633 | 0.578 9| 0.834 0.762 0.696 0.636
10 0.730 | 0.661 0.598 | 0.541 10| 0.817 0.739 0.669 0.605
11 0.702 | 0.629 | 0.564 | 0.505 11| 0.800 0.716 0.642 0.575
12 0.675 | 0.599 | 0.531 | 0.471 12| 0.783 0.695 0.616 0.546
13 0.647 | 0.568 | 0.499 | 0.438 13| 0.767 0.673 0.591 0.519

2](3.22)3F 21(323)° o8 o] FoF Z2 @geEs 2 He Aol

L}, common shock &E&W4 z7} lognormal +X <

Common Shock Modeldl A A&ER9L Gompertz HZS %831, common

ke
i
Olt
ol
22
ftlo
éi

shock &E&® % zol| lognormal #

9
© 4 common shock®] ZA31% S we] AESFE

“ —expl—BC (o _

Dy =exp[ {lnC(C D] 317
olt}. o7]¢] common shock TEWS 2o AWE 4= FaE ZFo] common
shocke] =A< o] AE}F7F = Aot

In(¢) + In(~/24
Dy =Dy S, ()= (®) ( )

-1 1-®

)N ( iy )} (3.18)
21(3.18)S Atg3te] A= AH(oint-life  status)®t HEF A=A AH
(last-survivor status)E T3l o3 Zoh(d (x), (y)7F 543 BC #= 2=

th z 78k
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In(7) + In(+/2)

tpxy_ 1)}]{1_®( \/E )}’
In() + 1
Py = 11 |-{1-a( “(”j%ﬁ”»
In(7) + In(+/2)

—Di]-{1-a( Jin2 )i
(3.19)

B S0, 2319 olgste] (x)7} 404, (v)7F 5041 ol™, B=0.00005%2}
C=10"" & A4 P& W) B=FES Fahuw b 2ok
<¥3-13> Px <E3-14> Py

Gompertz W3, z7} lognormal &3 74 Gompertz 2, z7} lognormal &+ 74

¢l A A, 2, A ¢ A A, 2, A,

0.02 0.03 0.04 0.05 0.02 0.03 0.04 0.05
1] 0.998 0.998 0.998 | 0.997 1] 0.995 0.995 0.994 0.994
21 0.995 0.994 0.991 0.986 2| 0.989 0.988 0.985 0.980
3| 0.992 0.987 0.977 | 0.962 3| 0.981 0.976 0.967 0.952
4| 0.986 0.974 0.954 | 0.926 4| 0.972 0.960 0.940 0.913
5] 0.978 0.957 0.924 | 0.883 51 0.960 0.938 0.906 0.866
6| 0.968 0.935 0.889 | 0.835 6| 0.945 0.913 0.867 0.815
7 | 0.955 0.910 0.850 | 0.785 71 0.927 0.883 0.825 0.762
8 | 0.940 0.882 0.810 | 0.736 8 | 0.908 0.851 0.782 0.710
91 0.924 0.852 0.770 | 0.687 9| 0.886 0.817 0.738 0.659
10| 0.905 0.821 0.729 | 0.640 10| 0.862 0.782 0.694 0.609
11| 0.885 0.789 0.689 | 0.596 11| 0.836 0.746 0.651 0.562
12| 0.864 0.757 0.650 | 0.554 12| 0.809 0.709 0.609 0.518
13| 0.842 0.725 0.613 | 0.514 13| 0.781 0.673 0.568 0.477
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<E3-15> (Pxy <¥®3-16> Py

Gompertz &, z7} lognormal % 7}4 Gompertz &, z7} lognormal &% 7}4

(A A, 2, A ¢ A A, 2, A

0.02 0.03 0.04 0.05 0.02 0.03 0.04 0.05
1| 0.993 0.993 0.992 0.992 1| 1.000 1.000 1.000 0.999
2| 0.984 0.983 0.980 0.976 21 1.000 0.998 0.996 0.991
3| 0.975 0.970 0.960 0.946 3| 0.998 0.993 0.983 0.969
41 0.962 0.951 0.931 0.904 4 1 0.995 0.983 0.963 0.935
5| 0.948 0.927 0.895 0.855 51 0.990 0.968 0.935 0.894
6| 0.930 0.898 0.854 0.802 6| 0.983 0.949 0.902 0.848
7| 0.909 0.866 0.809 0.748 71 0.973 0.927 0.866 0.800
8| 0.886 0.831 0.764 0.693 8| 0.962 0.902 0.828 0.752
9| 0.861 0.794 0.717 0.640 9| 0.948 0.875 0.790 0.705
10 0.834 0.756 0.671 0.590 10| 0.933 0.846 0.751 0.660
11 0.805 0.718 0.626 0.541 11| 0.916 0.817 0.713 0.617
12/ 0.775 0.679 0.583 0.496 12| 0.899 0.788 0.676 0.576
13 0.743 0.640 0.540 0.453 13| 0.880 0.758 0.640 0.537

t}. common shocke] EA3IA S o FEF X w2 A

riN

35 W) 1 (Gompertz W

A 7H4)

B=205 " c_jgom
F<B9>"H<B16> N A AFEE Ao A9} 7o) 1000~

404, (y)E 504, 18]z 4=0.02 = 7tAste] tdo] Aye wrixe] AyESE
S BExdE dws] Bl tSe YB35 IEB8>A & o ko] AE
3t5 2 common shock #FEWS 271 lognormal XY w7} AFEXd o wo}

=S4T

an}
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Gompertz® = ((x)=40A|, B=0.00005, C=1.09648, lambda=0.02)

1.00000

0.80000

k) 0.60000 r —— It A2 L

0.40000 F —=— 77} lognormal =32

0.20000

000000 e s S
14 7 10 13 16 19 22 25
(& 2kl =)

<9 3-50 GompertzH3 g Al zo] EX e & (x)2 AEEE Hu>

Gompertz = ((y)=50A|, B=0.00005, C=1.09648, lambda=0.02)

1.00000
ﬂ]fm 0.80000
||0-l|— |
ﬂé 0.60000 TR PN T
Z_l 0.40000 —m— 77} lognormal = =Z ¢!
=
~ 0.20000 r
000000 I I T N A T I I N N I N T Y N |

1 4 7 10 13 16 19 22 25
(2 2het %)

<19 3-6: GompertzH 2 A8 Al zo] EX Helo] wWE (y)o AEIE vlu>
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Gompertz® & ((x)=40A[, (y)=50A, B=0.00005, C=1.09648,

1 1.00000
||0H—
K

=~

<
ol
o
0 0.40000
ki
20
0l

0.80000
0.60000

0.20000

g 0.00000
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—— 727t X2
—=— 77} lognormal & =& I
4 7 10 13 16 19 22 25

t(Z hed =)
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M

kel

oo W& (xy)o BEEE Hl >

Gompertz® & ((x)=40A[, (y)=50A, B=0.00005, C=1.09648,

lambda=0.02)
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ki
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3. AEEd De Moivre H3 S A&3qS 259 24
7}. common shock &M z7F A= ¥ (exponential distribution)d |

Common Shock Modelol A A&X o] de Moivre H& S #&3tbd common
shocko] EA|8}#] &S uw Algly} Q&S =

1 w—x—t
R =—— P=— (3.20)

o]t}. common shock E&WS z7F A9 & E(exponential distribution)& ™3 Q)

i

S uw common shocke] &A1& wje] &3

(e =T € (3.21)

H5 2= AS =Y BA o= E common shockoll o3+ A}

Py (Y (Y ’
wo—x—t wo—-y—-t, 5, w—x—-t w-y—-t _
Dy = ( - e (3.22)

common shock EWZ 27} gamma 3, weibull £ ZA-$olx= 2353 2

(36)°] 98] A4 3 (exponential distribution)¥ uwje} Z& A= zhi=t}
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<HF3-17> Px <FE3-18> Py

De Moivre H 2 z7} A 4E3X 714 De Moivre 2 z7} X472 714
t A Ay Ay Ay t A Ay Ay Ay

0.02 0.03 0.04 0.05 0.02 0.03 0.04 0.05
1| 0.964 0.954 0.945 | 0.935 1 0.961 0.951 0.942 0.932
21 0.929 0.910 0.892 | 0.875 21 0.922 0.904 0.886 0.869
3] 0.895 0.868 0.843 | 0.818 3| 0.885 0.859 0.834 0.809
41 0.862 0.828 0.795 | 0.764 41 0.849 0.816 0.784 0.753
51 0.829 0.789 0.751 0.714 51 0.814 0.775 0.737 0.701
6| 0.798 0.752 0.708 | 0.667 6| 0.780 0.735 0.692 0.652
71 0.768 0.716 0.668 | 0.622 71 0.748 0.697 0.650 0.606
81 0.739 0.682 0.629 | 0.581 8| 0.716 0.661 0.610 0.563
91 0.710 0.649 0.593 | 0.542 9| 0.685 0.626 0.572 0.523
10| 0.682 0.617 0.559 | 0.505 10| 0.655 0.593 0.536 0.485
11| 0.655 0.587 0.526 | 0.471 11| 0.626 0.561 0.502 0.450
12| 0.629 0.558 0.495 | 0.439 12| 0.598 0.530 0.470 0.417
13| 0.604 0.530 0.466 | 0.409 13| 0.571 0.501 0.440 0.386

<¥E3-19> Py <®3-20> Py
De Moivre ¥ 3, z7} A2 714 De Moivre ¥ 3, z7} A F®E 714

t A Ay Ay Ay t A Ay Ay Ay

0.02 0.03 0.04 0.05 0.02 0.03 0.04 0.05
1| 0.945 0.935 0.926 | 0.917 1 0.980 0.970 0.960 0.951
21 0.892 0.874 0.857 | 0.840 21 0.960 0.941 0.922 0.904
3| 0.841 0.816 0.792 | 0.769 3| 0.939 0.911 0.884 0.858
41 0.793 0.762 0.732 | 0.703 41 0.918 0.882 0.848 0.814
51 0.746 0.710 0.675 | 0.643 51 0.897 0.854 0.812 0.772
6| 0.702 0.662 0.623 | 0.587 6| 0.876 0.825 0.777 0.732
7 1 0.660 0.616 0.574 | 0.535 7 1 0.855 0.797 0.743 0.693
8| 0.620 0.573 0.529 | 0.488 8| 0.834 0.770 0.711 0.656
91 0.582 0.532 0.486 | 0.444 9| 0.813 0.743 0.679 0.620
10| 0.546 0.494 0.447 | 0.404 10| 0.791 0.716 0.648 0.586
11| 0.511 0.458 0.410 | 0.368 11| 0.770 0.690 0.618 0.554
12| 0.478 0.424 0.376 | 0.334 12| 0.749 0.664 0.589 0.522
13| 0.447 0.392 0.345 | 0.303 13| 0.728 0.639 0.561 0.493
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w—x—t w-—y-—t

1o (1n(t)+1n(ﬁ/1)

@—X w—-y JIn2 2

1Py = (3.23)

Py =Pt Py =Py o oajx HE YZEA AE|(last-survivor status)=

o-x-t _o-y-t . In@)+In~22)
Py =C_—— p— ) {1-a( NS )}
w-x—1 wo-y-t In(¢) + In(~/22)
- . 1—
w—X w-y - Jin2 )} (3.24)

|= S @ kol 100013, (x)7F 4041, (y)7F 5041 = 2](3.23), #(3.24)=

olg HEFES T3 Aolth
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<3£3-21>

De Moivre® &,

1 Px

z7} lognormal®¥ 7}4

De Moivre® &,

<3£3-22>

lpy

z7} lognormal#¥ 714

t A Ay Ay Ay t A Ay Ay Ay

0.02 0.03 0.04 0.05 0.02 0.03 0.04 0.05
1 0.983 0.983 0.983 0.983 1 0.980 0.980 0.980 0.979
2| 0.966 0.965 0.962 0.958 2 0.960 0.959 0.956 0.951
3| 0.949 0.944 0.934 0.920 3 0.939 0.934 0.924 0.911
4 1 0.929 0.918 0.899 0.873 4 0.916 0.905 0.886 0.861
51 0.908 0.888 0.857 0.820 5 0.892 0.872 0.842 0.805
6| 0.885 0.855 0.813 0.764 6 0.865 0.836 0.794 0.747
7 1 0.860 0.819 0.766 0.707 7 0.838 0.798 0.746 0.689
8| 0.834 0.782 0.719 0.653 8 0.809 0.758 0.697 0.633
9| 0.807 0.745 0.673 0.600 9 0.779 0.719 0.649 0.579
10| 0.779 0.707 0.628 0.551 10| 0.748 0.679 0.602 0.529
11| 0.751 0.670 0.584 0.505 11| 0.717 0.640 0.558 0.483
12| 0.722 0.633 0.543 0.463 12| 0.686 0.601 0.516 0.439
13| 0.693 0.597 0.504 0.423 13| 0.655 0.564 0.477 0.400

<3E3-23> 1Py <;3-24> 1Py
De Moivre® 2, z7} lognormali=3* 74 De Moivre® 2, z7} lognormal+*3 7}4

t A Ay Ay Ay t A Ay Ay Ay

0.02 0.03 0.04 0.05 0.02 0.03 0.04 0.05
1 0.964 0.964 0.963 0.963 1 1.000 1.000 0.999 0.999
21 0.928 0.927 0.924 0.919 2 0.998 0.997 0.994 0.989
3| 0.892 0.887 0.878 0.865 3 0.995 0.990 0.980 0.966
4|1 0.855 0.844 0.827 0.803 4 0.990 0.978 0.958 0.930
51 0.817 0.799 0.772 0.738 5 0.982 0.961 0.928 0.887
6| 0.779 0.752 0.715 0.672 6 0.972 0.938 0.892 0.838
7 1 0.740 0.705 0.659 0.608 7 0.958 0.912 0.853 0.788
81| 0.701 0.657 0.604 0.548 8 0.942 0.884 0.812 0.737
9| 0.662 0.611 0.552 0.492 9 0.924 0.853 0.770 0.687
10| 0.624 0.566 0.502 0.441 10| 0.904 0.820 0.728 0.639
11| 0.586 0.522 0.456 0.394 11 | 0.883 0.787 0.687 0.594
12| 0.549 0.481 0.413 0.352 12| 0.859 0.753 0.647 0.550
13| 0.513 0.442 0.373 0.313 13| 0.835 0.720 0.608 0.510
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ABSTRACT

Modification of Common Shock Models

Baek, Hye-Youn
Department of Actuarial Science
Graduate School

Sungkyunkwan University

Insurance industry practice assumes independence of lives when valuing
annuities where the promise is based on more than one life. However, the
phenomenon of overpricing or underpricing in the insurance products like
pension, joint-life and last-survivor annuities will be happened when the
assumption of mutual independency of the life times i1s made. Recently, a
number of papers have been devoted to the study of the impact of a possible
dependence among insured risks. The common shock model can describe the
situation where the dependence of lives arises from an exogenous event that is
common to each life. In Bower’'s book, Actuarial Mathematics, common shock
and copula models are introduced to describe dependencies in joint-life and
last-survivor statuses. This paper presents various formulas for the Common
Shock Models. We will modify the formula by using different mortality

assumptions and distributions for the common shock random variable.
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