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1. Consider the elastic collision of two particles of mass m; and m,, respectively, in

one dimension. Their respective velocities are u, and u, before the collision, and v, ¥}
v, afterwards. What are the conserved physical quantities in the collision process.

Based on the conserved quantities, prove that the relative velocities of the particles

remain constant in magnitude and reverses their signs in the collision process.
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A point particle of mass m and charge ¢ is moving under the influence of

electromagnetic fields (E(t,X),B(t,X))aocording to non-relativistic dynamics in two
dimensions.

(a) When a constant electric field is present in the z-direction such that

E(t,X) :EOZA, describe the possible motion of the charged particle.

(b) When a constant magnetic field is applied in the z-direction, B(t,X)ZBoi,

describe possible motion of the particle by solving Newton’s equation of motion.
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3. A point particle of mass m is moving on the frictionless surface governed by the

relation 2°+y?> =2 . An external force imposes a constant acceleration g= —gz on the
particle.
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(a) Write down the Lagrange for the motion of this particle.

(b) Derive the Euler-Lagrange equation of motion.
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4. We want to describe the linearly coupled three—-atom system such as shown below in

classical mechanics and deduce their normal modes. Masses of the atoms are,



respectively, m; =mg=m, Mmsy = M. Spring constants for atoms 1 and 2, and for 2 and

3, are both k. Distance between atoms 1 and 2, and atoms 2 and 3 are both given by ¢.

Displacements of each atom is denoted by ¢, ¢y, g5 . Answer the following questions.
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(a) Write down the Lagrangian for the vibration motion of this coupled system.
(b) Derive the equations of motion based on the Lagrangian found in (a).

(c) Assuming a harmonic oscillator solution, find the characteristic frequency and the

characteristic displacements.

(d) Draw schematic cartoons for each of the characteristic modes found in (c).

5. A particle of mass m moving with velocity ;1 leaves a half-space in which its
potential energy is a constant U, and enters another half-space in which its potential
energy is a different constant U, . It then travels with constant velocity ;2. Determine
the change in the direction of motion of the particle. Express your answer in terms of

sinf,/sinf, , where 6, and 6, are the angles between the normal of the plane and the

— —
velocities v, and w,, respectively.

6. The Lagrangian concerning the motion of two particles which interact with the

potential energy that depends only on the distance between them can be written as

(a) Simplify the Lagrangian by passing to the center—-of-mass coordinates which satisfy

myr; +myry =0 . Express the lLagrangian using the relative coordinate r=r;—r,

What is the reduced mass m in terms of m; and m, ?

(b) Due to the conservation of angular momentum vector, the motion of r is confined to
a plane. Express the reduced Lagrangian obtained in (a) in terms of the cylindrical

coordinates (r,¢). How is the conserved angular momentum M, expressed in terms of

(r,¢)? The motion is assumed to take place in the zy plane.



(c) Using the result of (b), express the reduced Lagrangian obtained in (a) in terms of r
and its time derivative dr/dt alone. What is the conserved energy in terms of r and
dr/dt?

(d) Express the time t in terms of the integral of the function that depends on r.

Express the angle ¢ in terms of the integral of another function that depends on r.

7. Which components of linear momentum P and angular momentum L are conserved in
motion in the following fields? (a) the field of an infinite homogeneous plane, (b) that
of an infinite homogeneous cylinder, (c) that of two points, (d) that of a homogeneous

cone. Explain your answer.
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8. A particle moves in a potential V(r) =— Vie AT
(a) Given angular momentum [, find the radius of the circular orbit. (An implicit
equation is fine here.)
(b) What is the largest value of ! for which a circular orbit exists? What is the value

of Veff(r) at this critical orbit?

9. A pendulum of mass m and length [ is hung from a support of | M |

mass M which is free to move horizontally on a frictionless rail || |
(see the figure on right). (a) Find the equations of motion. (b) Is

there a cyclic coordinate? If so, what is conserved?

m

10. Formulate the double-pendulum problem shown in the right Figure, in

terms of Hamiltonian and Hamilton’s equation of motion.

It is suggested you find the Hamiltonian by equation

1~ - -
H(g,p;t) = §(p—a)rl(p—a)—l)o(q,t), where p is the transpose of

p, a column matrix.

11. As shown in the figure on the right, a point object with mass m is 1)

attached to a massless rigid string with length ! and moves around a
point O. /
(a) Find the equations of motion for the object using the Lagrange’s gl

formalism. (b) Solve the equations motion and describe the motions of the

object. (¢) Obtain expression for the force of constraint. m

12. For the tow-body central force problems, (a) Obtain the equivalent one-body problem



from the two-body central force problem? (b) Find the equations of motion and

discuss the two first integrals for the equivalent one-body problem.

13. What is the rigid body? Show that only six coordinates are sufficient to specify the

configuration of a rigid body.

14. What are the direct conditions for a (restricted) canonical transformation? How are

these conditions related to the symplectic condition (MJM = J) for a canonical
transformation? Here J is the antisymmetric matrix [2nX2n square matrix composed

0 7

70 ] and M is a symplectic matrix.

of the nXn zero and unit matrices, J= (

15. What is the definition of Poisson brackets of two functions u(q,p), v(g, p) with

respect to the canonical variables (¢, p)? Show that all Poisson brackets are invariant

under canonical transformations by using the symplectic condition (MJM = J), where J

0

70 ) where 7 is the »x#n identity

is the 2x X 2x antisymmetric matrix, 1.e. JZ(

matrix.



